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Investigating the link between postcritical behaviors and the relations of saddle basic sets 
for Axiom A polynomial skew products on , we characterize various properties concerning 
the three kinds of accumulation sets defined in [DHlj in terms of the saddle basic sets. We 
also give a new example of higher degree. 



1 Introduction 

In holomorphic dynamics, the behaviors of the orbits of critical points play a 
central role. And so do the relations between the basic sets in the dynamics 
of Axiom A maps. In this article, we investigate the link between postcritical 
behaviors and the relations of saddle basic sets for Axiom A polynomial skew 
products on C^. Through this investigation, we improve some of the results 
in |DHll IDH2j and give complete characterizations of equalities between three 
kinds of accumulation sets of the critical set. As a corollary, we give stability 
results of these equalities. We also give a new example of higher degree. 

A polynomial skew product on is a map of the form : f{z,w) = 
{p{z),q{z,w)), where p{z) and qziw) := q{z,w) are polynomials of degree 
d > 2. It is called regular if it extends to a holomorphic map on Its A;-th 
iterate is expressed by : 

fiz,w) = (/(2),gpfe-i(,)0---og,(M;)) =: {p\z), Q';{w)). 

Thus it preserves the family of fibers {z} x C and this makes it possible to study 
its dynamics more precisely. Let K be the set of points with bounded orbits 
and set = {w E C; {z, w) G K}. The fiber Julia set is the boundary of 
Kz- More generally, for T C and Z C C, we set = {w G C; {z,w) G T} 
and Tz = Uzez{z} x T^. 

Let Kp and Jp be the fiUed-in Julia set and Julia set of p respectively. We 
are interested in the dynamics of / on Jp x C because the dynamics outside 
Jp X C is fairly simple. Consider the critical set 

Cz = {{z,w)eZxC;q',iw)=0} 

over Z G C We will investigate the behaviors of the orbits of points in Cj^. 
For any subset X in C^, its accumulation set is defined by 



A{X) = n7v>oU„>7v/"(A). 
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DeMarco & Hruska |DHlj defined the pointwise and component-wise accumu- 
lation sets of respectively by 

AptiCj^) = a,^Cj^A{x) and A,,{Cj^) = Uc^c{Cj^)A{C), 

where C{Cj^) denotes the collection of connected components of Cj^. It follows 
from the definition that 

A,t{Cj^) c AUCj,) C A{Cj^). 

It also follows that Apt^Cj^) = AcdCj^) if Jp is a Cantor set while AcdCj^) = 
A{Cjp) if Jp is connected. 

Let A be the closure of the set of saddle periodic points in Jp x C. The 
stable and unstable sets of A are respectively defined by 

iy"(A) = {ye C^; 3 prehistory y = {yk)k<o of y tending to A}. 

Throughout this section, we assume that / is an Axiom A regular polyno- 
mial skew product on C . In |DH1] . they characterized Apt^Cj^) and A(Cj^). 

Theorem A. f fDHl] . Theorem 1.1) 

Apt{Cj^) = A, A{Cj^) = W^iA)n{JpxC). 

Thus, any x G Cj^ either tends to A or escapes to oo. They also tried to 
characterize the equalities between any two of the accumulation sets and give 
examples with various properties. 

We will improve their works and give a new example of higher degree. A key 
tool is the saddle basic set, i.e., the basic set of unstable dimension one. Here 
a basic set is a compact invariant subset of the non-wandering set Q of f with 
dense orbit. The saddle set A decomposes into a disjoint union of saddle basic 
sets : A = U^^^^Aj, which is the saddle part of Q in Jp x C For convenience, 
we add one more "basic set," which corresponds to the superattracting fixed 
point {[0:1: 0]} in : 

Ao = 0, W-'{Ao) = (Jp xC)\K, ly-(Ao) = 0. 

Note that this is not a saddle basic set. We also set 

Ci = Cj^r]W'iA,) {0<t<m). 

First we characterize the equality AcdCj^) = Apt^Cj^). 
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Theorem 1.1. 

Acc{Cj^) = Apt{Cj^) ^ VC G < 3^ < m such that C C Q. (1) 

This is an improvement of the following. 
Theorem B. ([DHll[DH2]) 

A,,{Cj^) = A,t{Cj^) ^ VC G C(CjJ, CnK = {^ orC CK. (2) 

In fact, in terms of Cj, the condition in (2) is expressed by 

VC G C(CjJ, C C Co or C C U^iC 

Hence, the condition in (1) coincides with that in (2) only if m = 1, that is, A 
itself is a basic set. 

The following two theorems give characterizations of A{Cj^) = Apt{Cjp) in 
terms of Cj. 

Theorem 1.2. For each i > 0, 

A{Ci) = Aj Cj IS closed. (3) 

Consequently, 

A{Cj^) = Apt{Cj^) Cj IS closed for any i > 0. 

Theorem 1.3. For each j > 1, 

Cj IS open m Cj^ WiAj) (1 {Jp x C) = Aj 

<^==^ z I—)- Aj^z IS continuous in J p. 

Consequently, 

Vj > 1, Cj IS open m Cj^ ^ Vr"(A) n ( Jp x C) = A 

<^=^ z ^ Az is continuous in Jp. 

Note that Co = Cj \ ii" is always open in Cj . Here the continuity is with 
respect to the Hausdorff topology. These can be regarded as a refinement of 
the following. 
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Theorem C. f [DH2] . Theorem E5.2) 

^(^Jp) = ^pt{Cjp) <^=^ the map z is continuous in Jp. (4) 

Under the assumption 11/" (A) fl W^A) = A, 

A{Cj^) = Apt{Cjp) the map z i— )■ is continuous in Jp. (5) 

Here we give some examples. 
Example 1.1. The product map f{z,w) = {p{z),q{w)) is Axiom A if and 
only if both p and q are hyperbolic. Let Ai = ■ ■ ■ , 1 < i < m be 

the attracting cycles of q and Bi be the set of critical points of q contained in 
the basin of A^. Then A^ = Jp x Ai are the saddle basic sets and Ci = JpX 
are open and closed in Cj^. 

Example 1.2. Sumi |Su] gives an example of a polynomial skew product : 



2n ^ Z + a/R , 



/(Z, W) = I p{z), W + -^-j=-tn,e{w) 

where R,e > 0,n E N,p = p%Pr{z) = — R, tn,e{w) = hl'{w) — w'^" , h^{w) = 
[w — — 1 + e. If R is large, e is small and n is even and large, then / is 
Axiom A and Jp is a Cantor set. Let a < and /3 > be the fixed points of 
Pr. Then it satisfies 

(a) A = Ai U A2, where Ai consists of a single point in {/?} x C, 
(6) Cjp C K i.e. Co = 0, hence z is continuous in Jp, 

(c) Ci is a finite set in {/3} x C, 

(d) C2 = Cjp \ Ci is open in Cj^ and C2 D Ci, 

(e) Ap,{Cj^) = AUCj^) ^ A{Cj^). 

By Theorems O and 01 it follows that A{Ci) = Ai and iy"(A2) n {Jp x C) = 
A2. From (d), we have W^Ai) fl ^(Aa) ^ (see Proposition O below). 

Thus, the equivalence in (5) does not hold in general. So far. Example 
1.2 is the only example of an Axiom A map which has two saddle basic sets 
with a relation. This suggests that we need to take into account the relations 
among saddle basic sets. It turns out that the equality A{Cj^) = Apti^Cj^) or 
ly (A) n (Jp X C) = A decomposes into two independent equalities : 

WiA) n {Jp X C) = W^"(A) n W'{A) and W^"(A) n W'{A) = A, 

both of which are characterized in terms of Ci. See Theorems 13. II and 13.21 As 
will be seen in Lemma [2. 3 [ 

iy"(A) n W'{A) = A ^ WiAi) n W%Aj) = for any 1 < z 7^ J < m. (6) 
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As for the stability of the equahties AcdCj^) = Apt{Cj^) and A^Cj^) = 
Apt{Cj^), we have the following. 

Theorem 1.4. Both equalities AcdCj^) = AptiCj^) and A{Cjp) = AptiCj^) 
are preserved in hyperbolic components. 

The idea of proof of Theorem [LH is due to that of Proposition 6.3 in |DH1] . 
Note that jDH2j has already given another proof for the equality A{Cjp) = 
Apt(Cjp), based on the characterization in Theorem [Cl By virtue of Theorems 
11.11 and II. 2[ we can prove both cases in the same way. 

The following two theorems give answers to some questions in |DHlj . 

Theorem 1.5. Suppose Jp is disconnected. Then 

AUCj,) = AiCj^) ^ Ap,{Cj^) = AUCj^) = AiCj^). 

Note that AcdCj^) = A{Cjp) if Jp is connected. Thus this gives a charac- 
terization of the equality AcdCj^) = A^Cj^). Together with Theorem 11.41 it 
follows that the equality Acc{Cj^) = A{Cj^) is preserved in hyperbolic compo- 
nents. This answers Question 8.2 in |DH1] . 

Theorem 1.6. There exists an Axiom A polynomial skew product f of degree 

four with the following properties : 

(a) Jp is neither connected nor totally disconnected, 

ih) ApdCj^) = A,dCj,)^A{Cj^). 

In |DH1] . they give examples satisfying each of the following properties 
respectively except {vi): 

(n) ApdCj^) ^ A^dCj,) = A{Cj^), 
(nz) ApdCj^) = A^dCj,) ^ A{Cj^), 
(m) ApdCj^) + A^lCj;) + 

But all of their base Julia sets Jp are either connected or totally discon- 
nected and they posed a question as Question 8.1 on the existence of examples 
whose base Julia sets are neither connected nor totally disconnected. Theo- 
rem [L5] says that there is no such example satisfying [ii\ while Theorem 11.61 
gives one satisfying [iii\ It is still unknown whether there exists an example 
satisfying (ui). 

The author would like to thank Hiroki Sumi for helpful discussion on his 
example and Laura DeMarco for valuable advice. He also thanks the referees 
for helpful suggestions that refine this article. 
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2 Preliminaries 



In this section, first we prepare several notions and properties in the theory 
of dynamics of hyperbohc C°° endomorphisms. This theory was estabhshed 
in Przytycki [P] and Ruelle [R]. Here we collect them from Jonsson [JT]. Let 
/ be a C°° endomorphism of a C°° Riemannian manifold M. Consider a 
compact set L C M which satisfies f{L) = L. The hyperbolicity of L for a 
non- invert ible map / is defined through the natural extension : 

L = {x = (xfc)fc<o; Xj e L, f{xk) = Xk+i {k < -1)}. 

and the invertible shift map f : L ^ L, /((x^)) = (x^+i). 

An endomorphism / is said to be Axiom A if the non-wandering set Q is 
compact, periodic points are dense in Q (hence f{^) = ^) and Q is hyperbolic. 
The following lemma is a consequence of the fact that the natural extension 
of a hyperbolic set for an open Axiom A endomorphism has local product 
structure. See Proposition 3.3 in pT] . 

Lemma 2.1. ([Jl], Corollary 2.6) 

Let L be a hyperbolic set for an open Axiom A endomorphism f. Then, for 
any sufficiently small neighborhood U of L, we have 

(a) if y eU and f^iy) G U for any k > 0, then y G Wi^^^i^x) for some x E L, 

(b) if y E U has a prehistory y = (yk) with yk G U for any k < 0, then 
y G VFjoc(^) /^'^ some x E L. 

By Corollary 3.5 in [Jl] or Theorem A. 3 in [J3], for an open Axiom A 
endomorphism /, the non-wandering set VL has a spectral decomposition VL = 
Ujfij into basic sets. Here a subset Qi of Q is called a basic set if it is compact, 
satisfies f{fli) = fij and / is transitive on A relation >- is defined between 
basic sets by il, y ilj if (Win,) \ Qi) n (W(fij) \ fij) 7^ 0. A cycle is a chain 
of basic sets satisfying 

There is no trivial cycle for open Axiom A endomorphisms : 

Lemma 2.2. ([JT], Lemma 4.1 or [J3], Proposition A. 4) 

For open Axiom A endomorphisms, W^lQi) fl W^{Qi) = Qi holds for any i. 

In case i j, the property Qi >- Qj is somewhat simplified. The following 
also shows the equivalence in (6). 
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Lemma 2.3. For i ^ j, y nj if and only ifWiVli) n W(^) ^ 0. 

proof. We have only to show the 'if part. Suppose W'^{ili) fl W^{ilj) 7^ 
but {W{ni)\ni)r]{W'{nj)\nj) = 0. Since W{ni)nW'{nj) never intersects 
Qi, it is included in Qj. Any point x G W^{fli) fl W'^{flj) has a prehistory 
X = (xfc) tending to fij. Then, for all < 0, we have Xk G fl W^flj), 

hence Xk € fij. This is a contradiction. □ 

Now we restrict our maps to regular polynomial skew products f{z,w) = 
{p(z) , q(z , w)) on and give some of their basic properties from [J3], which 
will be repeatedly used later. See also Sester (Se] for hyperbolicity of fibered 
polynomials. 

Let Z be a closed subset of C such that p{Z) C Z. Actually, Z is either 
Jp or the set Ap of attracting periodic points of p. Let Dz = U„>i/"'(C^) 
be the postcritical set of Cz and set Jz = ^zez{z} x J^. Jonsson [J3] gave a 
characterization for / to be Axiom A. 

Theorem 2.1. ([J3], Theorems 8.2 and 3.1) A regular polynomial skew product 
f on is Axiom A if and only if the following three conditions are satisfied : 

(a) p is hyperbolic, 

(b) Dj^nJj^ = ^, 

(c) Da, n Ja, = 0. 

Theorem 2.2. ([J3], Proposition 3.5) 

If Dz r\ Jz = ^, then the map z is continuous in Z. 

Let n be the ergodic measure of maximal entropy for / (see [FSlj or p3]). 
Its support J2 is called the second Julia set of /. Corollary 4.4 in [J3] says 
that J2 = Jjp. By Theorems [21] and [2^ J2 = Uzejp{z} x if / is Axiom A. 

The following is a key lemma for the proof of Theorem II. 1[ 

Theorem 2.3. ((J3], Theorem 8.2 and Proposition A. 7) 
Axiom A regular polynomial skew products on have no cycles. 

Note that the local stable manifold Wf^^{x) of x G A is included in the fiber 
containing x because / is contracting in the fiber direction on A. Hence the 
local unstable manifold Wl^^{x) is transversal to the fiber for any a; G A. 

We remark that Fornaess & Sibony jFS2] also investigated hyperbolic holo- 
morphic maps on P^. See also Mihailescu |Mihj and Mihailescu & Urbanski 
[MU] . 
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3 Proofs of Theorems 



3.1 Proof of Theorem [TI 

Note that Acc{Cj^) = Apt{Cj^) if and only if A{C) C A for any C E C(CjJ. 
First we show the following. 

Lemma 3.1. For Axiom A regular polynomial skew product f on C^, we have 

proof. Theorem IX] implies A{x) C A for any x G Cj^. If A{x) = 0, then 
X G Cq. Otherwise, by Lemma 12.11 there exist an n and y G A such that 
/"(x) G Wf^^iy). Hence A{x) C A^ if y G A^. Thus we have Cj^ = U^o^. □ 

Now we prove Theorem ll.il 

(^) Suppose C G C(Cjp) intersects at least two of Cj. By Theorem |B| we 
may assume C C U^iCi. Then, by Lemma l3.ll we have C = W^^^C fl Ci). 
Since C is closed, if all C nCi are closed, it contradicts the connectivity of C. 
Thus at least one of them is not closed. We may assume C fl Cj fl Cj 7^ for 
some i ^ j- The following holds for i,j>0 and will also be used later. 

Lemma 3.2. Suppose i ^ j andQnCj ^ 0. Then A{Ci) n (Vr"(Aj) \A) ^ 0. 

proof. Since fl Cq = for i 7^ 0, we may assume j > 1. Take a sequence 
Xn G Ci tending to xq G Cj. Take a small open neighborhood Uk of A^ for 
1 < A; < m so that f{Uk) nUi = Uk r\Ui = ^ ioi k ^ i. Since xq G Cj, 
there exists a > such that f'^i^Xo) G Uj for k > K. Then f^^{xn) G f/,- 
for large n. Since x„, G Cj, the orbit of x„ eventually leaves Uj. Hence if we 
set kn = min{k > K; f^{xn) ^ Uj}, then kn — )■ 00. Let y be an accumulation 
point of the sequence {/'""(x^)}. Then y G f{Uj) \ Uj since f^"~^{xn) G f/j. 
Consequently we have y ^ Ut/fc, hence y G A(Cj) \ A. 

Next we show y G IV (Aj). Taking subsequences if necessary, set ye = 
lim„_>.oo /^""^^(a^n) for i < 0. Then {ye)e<o is a prehistory of y with y^ G t/j for 
£ < —1. By Lemma Em G W{^^{x) for some x G Aj, hence y G Vr"(Aj). □ 

In the above proof, if we take x„ G C fl Cj, then Xq E C H Cj and ?/ G 
A{C). Thus A(C) contains a point y outside A = Apt{Cj^). Now we conclude 

(^) We have only to show that A{C) C Aj if C g C{Cj^) satisfies C C C^. 
More generally, we show the following. 

Lemma 3.3. If C d Ci is closed, then A{C) C Aj. 
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proof. If C C Co, then A{C) = since C is compact. Suppose C <Z Ci and 
there exists x G A{C) \ Aj for i> 1. By taking Ui small, there exist m„ oo 
and Xn & C such that f^"{xn) ^ t^j for any n. Since C is closed, we may 
assume x„ tends to some G C C Cj. Set kn = min{k > K; f^{xn) ^ Ui} as 
above and take an accumulation point y of {/*^"(a:„)}. By the above argument, 
y e WiAi) \ Aj, hence y ^ W%Ai) because of LemmaO Since y E A{C), it 
follows that y G Kj^^ \ J2, which is, by Lemma 3.6 in |DHlj . equal to W^IA). 
Thus y must belong to iy*(AjJ for some ii 7^ i. That is, we have a sequence 
{/^'"(a^n)} in W'{Ai) tending to y E WiAi) n W(AiJ, hence A^ >- Ai^ by 
Lemma 12.31 

By successively applying this argument, we have a chain of saddle basic 
sets : 

Ai^ Ai^y Ai^> , 2 ^ ^ Z2 ^ ■ • • • 

Since there exist only finitely many basic sets, we must have a cycle of them, 
which contradicts Theorem 12.31 This completes the proof. □ 

3.2 Proofs of Theorems [O] and [TTSl 

Note that Theorem 11.21 follows from Lemmas 13.21 and 13.31 Here we use the 
following proposition, which completely characterizes the existence of relations 
between saddle basic sets in terms of Q. Both Theorems 11.21 and 11.31 easily 
follow from it. Set / = {0, 1, 2, ■ ■ ■ , m}. 

Proposition 3.1. For any i,jEl with i ^ j, the following four conditions 
are equivalent to each other. 

(a) QnC, 7^0, 

(b) AjQ) n W'{A,) ^ 0, 

(c) iy^(A,)niy^(A,) ^0, 

(d) W'{Ai) n W{Aj) 7^ 0. 

This proposition holds also for i = j > 1. It holds also for i = j = 0, if we 
set Ao = iy"(Ao) = {[0 : 1 : 0]}. _ 

proof Since, for any i > 1, all the sets Ci n Co, A{Ci) fl P^^(Ao), W'{Ai) D 
W^{Ao) and W^{Ai) fl iy"(Ao) are empty, we may assume j > 1. 

(a) =^ {b) Suppose Cj fl Cj 7^ 0. Take a sequence x.„ G Cj tending to Xq E 
Cj. By Lemma \2A[ there exist y E Aj and k such that /'^(xo) G Wil^{y). 
Hence, for any n > 0, there exists L„ such that d{f^{xo),f^~''{y)) < 1/n for 
i > Ln- For each fixed n, take kn so that d{f^"{xk„),f^"{xo)) < 1/n. Then it 
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follows d{f^"{xk„] 
A{Ci) n A,- 7^ 0. 



,f^" ''{y)) < Since /'^""''(y) G Aj, we conclude that 



(b) =^ (c) It is evident since A{Ci) C W^'iAi). 

(c) ^ (a) Suppose ly^(Aj) 9 x„ — > xq G Vr'*(Aj). Then there exist k and 
q G Aj such that /^(xq) G Let f/g be the connected component 
of the vertical slice of (Jp x C) \ J2 containing q. Then Ug D Wi^^{q) and, 
by Proposition 3.8 in |DHlj . there exists L > such that f^iUq) = UfL(^q^ 
contains a critical point c, which is in Cj. Set y = f^{q)- By Theorems 12.11 
and 12. 2^ any compact subset in Uy = f'^^^iUxo) is approximated by compact 
subsets in f'^^^iU^,^)- Hence the branch of the critical locus through c must 
intersect f^^^{Ux^) for large n. Thus, for large n, there exist critical points 
c„ G f^^^{Ux„) tending to c. Since Cn G Cj, we conclude that Ci fl Cj 7^ 0. See 
Figure [H 



Xq 



f 



k+L 



f 



k+L, 



a. 



c, 



_y G A, 



W'{A,) W%Aj) W'{Ai) W'{Aj) 

Figure 1: Local stable and unstable manifolds 



(c) =^ (d) Suppose iy*(Aj) 9 x„ — )■ xq G W^i^Aj). By the above argument, 
any compact subset in Uy = Ufk+L(^xo) is approximated by compact subsets in 
Ufk+Lf^xn)- Since, for any prehistory y G Aj of y, Wl^^{y) is transversal to the 
fiber, it follows that Ufk+L(^xn) ^ ^lodv) large n. Thus we conclude 
W'{Ai) n W{Aj) ^ 0. 

(d) =^ (c) We need a lemma. 

Lemma 3.4. Suppose W^{Ai) fl W^{Aj) = 0. Then there exists 5 > such 
that W'{Ai) n W^{y) = for any y e Aj. 

proof. Suppose, for any n > 1, there exist a prehistory y„ G Aj of ?/„ G Aj 
and Xn G iy*(Aj) fl Since the sequences {x„,} and {?/„,} are bounded, 

there exist their convergent subsequences {x^^, } and {yn^ } respectively tending 
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to some points Xq and i/q. Since d{xn,yn) < '^/n, we have Xq = z/q & Aj. Thus 
we conclude W'{Ai) n W'{Aj) ^ 0. □ 

Now suppose W%Ai)nW''{Aj) ^ 0. If we take p G W'{Ai)nW''{Aj), there 
exists a prehistory p = {pk) of p tending to Aj. Assume W'^{Ai) fliy (Aj) = 0. 
Let 5 > be the constant in Lemma I3.4[ Then there exists L > such that 
d{pk,Aj) < 6 for any k < —L, hence by Lemma [2?n G W^{y) for some 
y G Aj. Since G W^Ai), we have ly^(Ai) fl W^{y) ^ 0, which contradicts 
Lemma 13.41 This completes the proof of Proposition I3.1I □ 

Set Ji = {jG/;anC, 7^0}. 

Corollary 3.1. A{C,) C V}j^iW'{Aj) (0 < z < m). 

proof. By Theorem |Al for z > 1 it follows A{Ci) C WiA) fl JOp, which 
is, by Lemma E3.5 in |DH2j . included in W^A). In case i = 0, A{Co) = 
(A(Co) n W'{Ao)) U {A{Co) n W'{A)) and A(Co) n W^^(A) is treated similarly. 
Now the assertion follows from Proposition 13. 1[ □ 

proof of Theorem Note that Ci is closed if and only if Ci fl Cj = 
for any f ^ i. By Proposition 13.11 this is equivalent to W^i^Ai) fl iy"(A) = 
^{Ai) n ly(Ai), which is, by Lemma [221 equal to A^. By Theorem El and 
Proposition Ell it is also equivalent to A{C^) C ^{Ai) fl 1V(A) = A^. The 
inclusion A[Ci) D Aj is trivial. This proves (3). 

If Ci for some % is not closed, there exists f ^ i such that Cj fl Cj 7^ 0. By 
Lemma [321 we have A{C^ \ A 7^ 0, hence A{Cj^) ^ A^tiCj^). If Ci is closed 
for any i, then A{C = Apt^Cj^^) follows from (3). □ 

proof of Theorem \1.3[ Cj is open in Cj^ if and only if d fl Cj = for any 
i 7^ j. By Proposition 13.11 and Lemma [2. 2 [ it is equivalent to W^lAj) fl {Jp x 
C) = W{Aj) n W'{Aj) = Aj. The equivalence of WiAj) n (Jp x C) = A^ 
and the continuity of the map z 1— >■ Aj in Jp can be proved by the same way 
as Theorem [O Continuity of the map ^ 1— A^ is equivalent to that of the map 
z (-> Aj^z for any j > 1 . □ 

3.3 Continuity of the map z 

By virtue of Proposition 13. 11 we will characterize the properties in (5) and (6). 

Theorem 3.1. The following three properties are equivalent to each other. 
(a) Co is closed, 

{b) the map z 1— )■ Kz is continuous in Jp, 
(c) A{Cj^) = W-{A)nW%A). 
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Recall that the continuity of a set-valued map decomposes into lower and 
upper semicontinuities. Theorem 13.11 reproves the equivalence (5) in Theorem 



proof. Note that Co is closed if and only if Co fl (UjLiCj) = 0, which is, by 
Proposition [3H equivalent to W'{Ao)nW'{A) = or to PF"(Ao) nP^"(A) = 0. 

(a) -v^ (b) Proposition 2.1 in [J3] says that z i— )■ Kz is upper-semicontinuous 
and by Theorem 12.21 2 i— )■ is continuous in Jp. Hence, z 1— >■ Kz is discon- 
tinuous at zq G Jp if and only if there exist a sequence Zn in Jp tending to 
zq and Wq G intKz^ such that Wq ^ Kz„ for any n >1. That is, by Lemma 
3.6 in |DH1] . there exists a sequence {zn^wo) in W^{Kq) tending to a point 
{zo.Wq) G W'{K). This is equivalent to W^IKq) nW'{K) ^ 0, that is, Cq is 
not closed. 

(a) -v^ (c) By Theorem \K\ and Lemma E3.5 in |DH2] . we have 

A(CjJ = (iy"(A) n ly^(A)) U (1^"(A) n l^'(Ao)). 

Thus Co is closed if and only if A(CjJ = n W'{K). □ 

The following is a direct consequence of Proposition 13.11 and (6). 

Theorem 3.2. Vr"(A) fl M/' (A) = A C^ ^s c/osec? /or any i > 1. 
3.4 The sets ^(C^) in general case 

We have shown A{Ci) = Aj if Cj is closed. In this subsection, we extend it and 
give a description of A{Ci) in general case. 

Theorem 3.3. Recall that k = {j e I;Cir\ Cj 0}. Then we have 



A(c.) c (u,,,,iy"(A,)) n (u,,,,w^^(A,)). 

If d is closed, /, = {i}. Then Theorem [3J] says A{Ci) C W^Ai) D 
ly(Aj) = Aj. Thus Theorem 13.31 generalizes Theorem 11.21 



proof. By virtue of Corollary 13.11 we have only to show 
A{Ci) C Ujg/, (ly(Aj) n (Jp X C)). We give a proof mainly for the case i > 1. 
The case z = can be done with a minor change and will be given at the end. 
Below, we repeatedly use the argument in the proof of Lemmas 13.21 and 13.31 

Suppose p G A{Ci). Then there exists Xn G Cj and m„ 00 such that 
/"""{Xn) p. If p G A, by Corollary 13.11 we have j G Jj and p G Ujg/.Aj. This 
holds also for i = 0. 



C. 
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In the sequel, we assume p ^ A. We may assume p ^ U^^iUj, where Uj is a 
small open neighborhood of Aj. We may also assume x„ — Xq. If Xq G Cj, by 
Lemma [3^ we have p G Aj, which contradicts p ^ A. Hence Xq G Cj^ for some 
i and by Proposition I3.H i\ G /». As in the proof of Lemma [3.2[ we take 
Kx so that /''(xo) G t/j^ for k > Ki and set /cn ^ = min{k > Ki, f^{xn) ^ f/n}. 
If m„ < fci^'' for infinitely many n, thenp = lim/™"(x„) G f/j^, a contradiction. 

Thus m„ > kn^ for large n. We may assume f^" (x„) tends to some y'^^^ G 
iy"(A,J \ A. Suppose G W^'(AiJ. Since y(^) G we have ^2 G h. 

Now take so that f''{y^^^) G f/jj k > K2 and fci^^ = min{k > 
ki^^ + K2; f\xn) i Ui,}. If ki^^ < < ki^^ + ^2 for infinitely many n, there 
exists j < K2 so that m„ = kn^ + j for infinitely many n. Then we have 

p = limr"(x„) = lim/'="'+^(xO = f\y^'^) G 1^"(A,J. 

Otherwise, we have m„ > kn^ + ^2 for large n. We may assume Z'^" ' — >■ 

y(2) g W^{Ai2) \ A. If m„ < kn '' for infinitely many n, then p = hm/™"(x„) G 

— (2) 

Ui^, a contradiction. Thus nin > kn for large n. 

Repeating this argument, we eventually meet Aj. That is, there exist £ and 

ij & < j < i such that 

Ai^yAi^> y A^^ = A^. 

Suppose kn < 00 for infinitely many n. Then, further repeating this argument, 
we must meet Aj again. That is, there exists a sequence : 

Ai, > ^ Ai, = Ai > y Ai. 

This contradicts Theorem 12.31 Thus we conclude that, for large n, /cn •* = 00 
and f^{xn) G Ui^ for k > kn + Ki. Since p ^ Ui^, we may conclude 
kn < mn < kn + K£ ioT large n. Then, there exists j < Ke such that 
fTin = kn + j for infinitely many n and 

p = \imr-{xn) = \imf""'+^{xn) = P{y^'-'^) G 1^"(A,,_J. 

Thus we conclude A{Ci) C U^e/, (Vr"(Aj) n (Jp x C)). 

Let us consider the case i = 0. Let p G A{Co). The argument as above 
works as long as y 

W e Vr^(A). Suppose ^ iy"(A). Then it belongs 

to Vr*(Ao). Since iy*(Ao) is open, for large n, f'^" (x„) is contained in a 
neighborhood of y^^^ in W^{Aq). 
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If rrin < kn for infinitely many n, then p G Ui^, a contradiction. Thus 
fTLn > kn^ ioT large n. Now suppose the sequence {mn. — kn^} is unbounded. By 
taking a subsequence tending to oo, the sequence /""(xn) = o/^" 
tends to oo, which is a contradiction. Hence < m„ — kn < K^^i for some 
K^^i > 1. Then there exists j > 1 such that m„ = kn^ + j for infinitely many 
n and p = lim/"^"(x„) = f-'{y^^^) € Vr"(AjJ. This completes the proof. □ 

As a corollary, we extend the equivalence (3) in Theorem 11.21 to a union of 
saddle basic sets. Let /' be a subset of / and set A' = Ujg/'Aj, C = Uj^zjiCj. 

Proposition 3.2. A{C') C iy"(A') n W'{A') C zs dosed. 

proof. (<^=) Suppose C is closed. Then, for any k G it follows C /' 
since Ck C C = C . By Theorem 13.31 for any k G /', we have 

A{Ck) c (u,e4vr"(A,)) n (U,e,,W^^(A,)) C l^"(A') n W'{I^). 

Hence we have A{C') C Vr"(A') n Vr"(A'). 

(^) If C" is not closed, there exists k E I' and i ^ V such that fl Cj 7^ 0. 
Then, by Proposition 13.11 it follows A(Cfc) H ^^'^(Aj) 7^ 0. Thus we conclude 
that A{C') ^ Vr"(A') n Vr"(A'). This completes the proof. □ 

We do not know if the equality holds in Proposition 13. 2[ After Proposition 
13.21 a partition / = UjJj of J such that Uj^j.Cj is closed for any i will give 
equality. Define the equivalence relation among Jj generated by li Ci Ij 7^ 0. 
That is, Jj ~ Ij if there exist i = ii,i2, ■ ■ ■ ,ik = j I such that Jj^ fl Jj^^^ 7^ 
for 1 < ^ < A; — 1. Let / = Ui/j be the partition of / such that each Jj is the 
union of Ij in the same equivalence class. Then Ij C /j if j G /j and it follows 
that the set U^g/^Cj is closed for each i. By Proposition 13.21 for each i, we 



Proposition 3.3. U^e/.^(C.) = (U^e/.W^"(A,)) H (U^.,,- 1^^(A,)). 
3.5 Proof of Theorem 11.41 

We use the stability of hyperbolic sets under perturbation established in p2| 
IDHH IDH2j . Consider a holomorphic family {fa, a G D} of Axiom A polyno- 
mial skew products containing / = /q. The holomorphic motion \E'(a, z, w) = 
{ipa{z),ipa{z,w)) of J2 = J2(/) givcs homcomorphisms 



have 




(7) 



i^a{z,-) : J,{f) J^,{z){fa)- 
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We have a holomorphic motion ha : A := A(/) — := A(/a) of A(/). As for 
A := A(/), we only have a surjective continuous map /i^ : A — )• A^ := A{fa), 
which is induced from ha and depends holomorphically on a. Hence, for any 
z e Jp, the map a h-> Aa^,p^(z) '■= Aa fl {{ipa{z)} x C) is continuous. Note 
that the same holds also for each saddle basic set Aj of / and that the map 
a ^ J^aizjifa) is continuous. 

Suppose a critical point x = {z,w) E C of / lies in Q. Then there exist 
y = {u,v) e Ai and n > such that Xn = P{x) G Wi^J^y). Then Ux^-, the 
connected component of the vertical slice of (</pXC)\ J2 containing x^, contains 
y because W^^J^y) lies in a vertical fiber. Set Za = y^a{z) and let 
be a nearby critical point of fa- If a is small, = f^i^a) is close to /"(x). 
By the continuity of the maps a H- Jzaifa) and a H- A^ 2^, the point = /ia(y) 
for any prehistory y of y lies in „ fl Aa,i. Hence it follows Xa G IV*(Aa^j) for 
small a. Theorem 12.11 says that the postcritical set is disjoint from the second 
Julia set. By the above continuity, we conclude that Xa G W^{Aa,i) holds as 
long as the holomorphic motion exists. 

Now suppose Acc(CjJ = Apt{Cj^) for / = /q. For any Ca G C{Cj^J, there 
exists a connected component Ja of Jp^ such that Ca is a connected component 
of Cj^. Then Ja = ^a{J) for some connected component J of Jp and there 
exists C G C(Cjp) close to C^, which is a connected component of Cj. By 
Theorem 11.11 we have C G Ci for some i. There exists n such that, for any 
X G C, /'^(x) G W^;oc(y) some y G Aj. Thus we can apply the above 
argument simultaneously to any x G C and we conclude that Ca C Ca,i '■ = 
^Jva ^ hence Acc(CjJ = Apt{Cj^) holds for f = fa as long as the 

holomorphic motion exists. 

Next suppose A{Cj^) = AptiCj^) for / = /q. By Theorem Ol A{C,) = A^ 
holds for any i. There exists n such that, for any x G Cj, /"(x) G 
some y G Aj. Then nearby critical point of /„ for small a belongs to W^{Aa^i). 
By Theorem 11.21 all Ci are closed, hence mutually disjoint compact sets. Thus 
so are Ca,i and A{Cjj^) = Apti^Cj^) holds also for f = fa for small a. By 
Theorem 12.11 this holds as long as the holomorphic motion exists. 

Since any maps in the same hyperbolic component are connected by a chain 
of disks where the holomorphic motion exists, we get the conclusion. □ 

3.6 Proof of Theorem 11.51 

First we estimate the component- wise accumulation set AcdCj^). The key 
tool is a result due to Qiu & Yin |QY| that any non-point component of a 
disconnected polynomial Julia set is preperiodic. Although a complete char- 
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acterization of the set Acc{Cj^) is not known, our estimate is enough to prove 
Theorem ll.5[ Let Jper be the union of the periodic non-point components of 
Jp. Then Jper = Jp if Jp is connected and Jper = if Jp is a Cantor set. 

Proposition 3.4. ^^^(CjJ C A U (Vr"(A) n (Jper x C)). 

proof. For any C G C(Cjp), there exists a connected component Jq of Jp 
such that C is a connected component of Cj^. If Jq is a point component, 
then Cjq consists of finitely many points, hence A{Cjg) C A. Otherwise, it 
is a preimage of a periodic component Ji of Jp, i.e. p^{Jq) = Ji C Jper for 
some k. See |QY| , Theorem in Section 5. Let J_fc be the (finite) union of the 
connected components of p~*^( Jper). We have only to show that Ua;>oA(Cj ,.) C 
iy"(A) n( Jper X C). By TheoremEU the set X = Ufc>o/HCj_J is disjoint from 
J2. Then Proposition 3.3 in jPHl] says A{X) C Vr"(A) n (Jp x C). Evidently 
we have A{X) C Jper x C Thus it follows 

Ufc>oA(Cj_J = Ufc>oA(/^(Cj_,)) C A(X) C W^A) n (Jper X C). 

This completes the proof. □ 

We investigate the slice PF"(A)^ of WiA) at z e Jp. 

Lemma 3.5. Suppose A 7^ 0. Then W^{A)z 7^ for any z E Jp. 

proof. If A 7^ 0, there exists a saddle periodic point x = {zq, Wq) G A. Let 
X G A be any one of the prehistories of x. Recall that the set {p~'^(z); k > 0} 
is dense in Jp for any z G Jp. Then, for any z G Jp, there exist sequences 
rifc 00 and Z-k ^ p~"''{z) tending to zq. Since Wl^^{x) is transversal to 
the vertical fiber, for large k, there exists W-k such that X-k := {z_k,W-k) G 
W^«oc(^) n (Jp X C). Then {z,w) := /"^a^-fe) e iy"(A) n (Jp x C). This 
completes the proof. □ 

By virtue of Proposition 13.41 we get the following. 

Proposition 3.5. Suppose Jp is disconnected and A 7^ 0. // Acc{Cj^) = 
A{C Jp), then W'^{A)z = A^ for z e Jp \ Jper and A^ 7^ for any z G Jp. 

proof. Suppose Acc{Cj^) = A{Cjp). Then, from Proposition 13.41 we have 
Vr"(A) n ( Jp X C) C A U (Py"(A) n (Jper X C)). Hence it follows 1^"(A), = A, 
for z E Jp \ Jper, which is not empty by Lemma 13.51 

Note that Jp \ Jper is dense in Jper- In fact, otherwise, a point in Jper has 
a neighborhood U disjoint from Jp \ Jper. Then U„>op"(f/) never intersects 
Jp \ Jper, a contradiction. Thus, for any z G 

'JpcT ^ tjllGrC exists 'S^TT, ^ p \ 'J'pcv 
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tending to z. Take G A. Since is a bounded set, there is a 

subsequence {tf^^} converging to a point w. Then (2, w) = limi^^ooizn^, G 
A. This completes the proof. □ 

Let dni', ■) be the Hausdorff distance of compact sets in C. Set 3{zo,r) = 
{z e C;\z — Zo\ < r}. 

Proposition 3.6. Suppose Jp is disconnected, A 7^ and ^^''(A)^ = A^ for 
any z & Jp\ J per- Let Zq be any point in Jp. Then, for any e > 0, there exists 
6 > such that 

dni^z, A^J < e for any z G B{zo, 6) n {Jp \ Jper). (8) 
In particular, the map z h-> A^, restricted to Jp \ Jper, is continuous. 

proof. We prove the proposition by contradiction. Suppose there exist an 
e > and a sequence 2;„ G Jp \ Jper tending to Zq G Jp with dni-^zn, -^zo) > ^■ 
Since A is closed, the map 2; H- A^ is upper semicontinuous on Jp. Thus it 
follows that does not lie in the e- neighborhood of A^^^, that is, there exists 
Wn G such that Az„ HDi^Wn, e) = 0. We may assume Wn ^ wq E A^q. Then 
A^,^ n D(wo,e/2) = for large n. Since Wl^^{x) is transversal to the fiber for 
any prehistory x of a: = (2:0,^0) G A, we have ^^"(A)^^ fl D('u;o,e/2) 7^ for 
large n. This is a contradiction since W'^{A)z^ = A^^. □ 

Now Theorem 11.51 follows from the next theorem. 

Theorem 3.4. Suppose Jp is disconnected. If ^^"(A)^ = A^ for any z G 

Jp\Jper, then the map z ^ A^ is continuous in Jp. In particular, if Acc{Cj^) = 
A{Cj^), then Ap,{Cj^) = = 

proof. Theorem is true if A = 0. Hence we may assume A 7^ 0. Take a 
point Zq in Jp. We have only to show (8) also for z G ©(^o, ^) H Jper- For any 
e > 0, take 5 > as in Proposition 13. 6[ Now, for any z G D(2o, ^) H Jper, there 
exists a sequence {zn} in Jp \ Jper tending to z. Applying Proposition 13.61 to 
zq = z, it follows Az„ — A^. Note that Zn G ^{zq, 6) for large n. Again by 
Proposition 13.61 we have dH{Az„, A^^) < e for such n, hence dniA^, A^^^) < e. 
This implies the desired continuity on Jper. The last statement follows from 
Theorem C. This completes the proof. □ 

3.7 Proof of Theorem [TTHI 

The proof of Theorem 11.61 is a higher degree analogue of that of Theorem 
6.1 in |DH1] . Consider the degree four polynomial skew product f{z,w) = 
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{p{z), q{z, w)), where q{z, w) = + 4(2 — z) and p is a real biquadratic poly- 
nomial of the form : 

p{z) = pa,b{z) = {z^ + a)2 + b, (a, b) e 

First we investigate the dynamics of p so that we find maps with one critical 
point escaping while the others tending to an attracting cycle. Next we show 
that the map / has the desired property. For our maps, the saddle set A 
consists of a single saddle fixed point. Then exactly one critical point tends 
to this point while all the others escape to infinity. The hard part is to show 
that Dj^ n J2 = 0. Most of this subsection, Lemmas 13.111 - [3?l5l is devoted to 
control the behavior of the critical orbits. 

Here we give a brief summary on the external rays of a monic polynomial p 
of degree d. See Milnor [Mil] for the details. Let (fp be the Bottcher coordinate 
of p. It is a conformal map defined in a neighborhood of 00 conjugating p to 
the map z 1— ?■ z'^. Then the external ray Rp{6) of p with angle 6 is defined 
by Rp{9) = (y9~^({re^'^*^; r > Vp}) for some > 1 depending on p. It maps 
Rp{6) to Rp{d9). Hence, it is continued until it meets a critical point. If it 
is continued to r > 1 and the limit z = limr_>i (y9~^(re^'^*^) exists, it is said to 
land at z. A fundamental fact is as follows : for 6* G Q, the ^-ray Rp{6) lands 
at some point z & Jp unless it meets a point in the backward orbit of a critical 
point. If the 0-ray lands, its landing point is a fixed point, which we call the 
/9-fixed point of p and denote by /3p. 

The map p = Pa,b has three critical points : z = 0, ±-\/— a and two critical 
values : p(0) = + 6, p{±y/—a) = b. Note that critical values are always real. 
The connectedness locus C of this family is the set of parameters (a, b) in 
so that the Julia set J{pa,b) is connected, or equivalently, all the critical points 
of Pa^b have bounded orbits. It is described as follows. See Figure El The dark 
region indicates C. 

Lemma 3.6. The boundary of C consists of the following three curves : 
Pert {I) : p'^ = ^ ^ («' ^) = " ~ 4^^' ^ " ' " ^' 
Preper {1)1 : p(0) = f3p : b = —a^ + V— 2a, — 2 < a < — —, 

3/2 

Preper(2)i ■ pip) = [3p = -b : a = -b^ + -2 < b < 

proof. Since the critical values are real, we consider the dynamics of p only 
on the real axis. For large b, the graph of y = p{x) sits above the diagonal line 
y = X, hence the orbits of all real points tend to +00. Decreasing b, we meet 
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a parameter at which the graph of y = p{x) is tangent to the hne y = x ai 
Pp. This parameter hes on Perf{l), where /3p is a parabohc fixed point with 
multipher one. Below this locus, the map p has at least two real fixed points. 
The point (3p is the largest one. Then p e C if and only if i^p fl M = [—(3p, (3p]. 
If a < 0, then p has the local maximum p(0) and the local minimum b. Hence 
p G C if and only if —(5p < b and p{0) < Pp. In case a > 0, since p has a unique 
local minimum p{0) = + 6 > 6, p G C if and only if 6 > —Pp. 

The locus Preper(i)i : p(0) = Pp is included in the set : {{a? + bY + a}^ + 
b = 0? + b, that is, {o? + 6)^ + a = ±a. Since {a? + 6)^ + a = a implies 
p(0) = 0, Preper(i)i is included in {a? + 6)^ = —2a i.e. 6 = —a? ± ^J—2a. 
Since p(0) = + 6 = /3p > 0, we conclude that Preper^i-^i is written as 
6 = -a^ + V-2a. 

The locus Preper (2)1 : = — /3p oi p{b) = —b is included in (6^+a)^+26 = 0, 
that is, 6 < and a = —6^ ± V— 26. On the curve a = —6^ — v— 26, we have 

= x^-2(62 + y^)x2-x + 6^ + 262v/r26-6 

= (x + 6)(x3 - _ (^^2 ^ 2v/^)x + 6^ + 26v/^ - 1) 

=: {x + b)g{x), 

and g{—b) = 46v— 26 — 1 < 0. Thus p has a fixed point larger than —6. That 
is, Pp > —6, hence Preper ^2)1 is written by a = — 6^ + 26. This completes 
the proof. □ 



We consider the subfamily Preper Note that p-2,-2 is the second iterate 
of the Chebyshev polynomial — 2 of degree two. 



(-2, -2 




Figure 2: Parameter space 



Figure 3: Graph of P-2-2 
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Lemma 3.7. There exists a sequence (a„, &„) G Preper{]^i tending to (—2, —2) 
such that a/— a„ a supemttracting periodic point of pn := Pa„,6„ of period n. 

proof. For (a, h) G Preperij^i, take an increasing sequence x„ G p~"(a/— a) 
in M tending to Then there exists a unique n such that < p^(a/— a) < 
Xn. Moving along Preper^i^i, we get a parameter (a„, 6„) satisfying p^(v^— a) = 
Xn-i, that is p""'""'^(a/— a) = a/— a. If the parameter approaches (—2,-2), 
p^{\/—a) tends to hence it becomes larger than x„ for arbitrarily large 
n. This completes the proof. □ 

By Lemma [3.61 a small perturbation from Preper leaves the connected- 
ness locus. Thus, we get a small perturbation pn of pn outside the connected- 
ness locus. For Pn, is escaping and the other critical points ±a/— a belong to 
the basin of a superattracting ra-cycle of p„. Thus p = Pn satisfies the property 
(a) in Theorem 11.61 See Figures [3] - [51 




Figure 4: Graph of Pn Figure 5: Graph of p., 



By upper-semicontinuity of the filled-in Julia set, we have the following. 

Lemma 3.8. There exists a sequence e„, tending to such that 
ifp„C [-5/2,5/2] x[-e„,e„]. 

Now we will control the behaviour of the critical orbits. 

Lemma 3.9. There exists uq such that for any n > uq and for any z G i^p, 
we have 

(a) g^(C \ D(0, 5/2)) C C \ D(0, 35/2), 
(6) /T, cD(0,5/2). 
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proof. By Lemma 1X51 there exists Uq such that < 1/4 for n > no- Then 
|2 — -z] < 5 and, if \w\ > 5/2, we have 

20 125 35 

\qziw)\ > \w\^ - 412 - z\> \w\(\wf - ^) > ( 8)|u;| > 7\w\ > —. 

\w\ 8 2 

This completes the proof. □ 

Set fn{z,w) = {pniz),q{z,w)) and fniz,w) 

Lemma 3.10. For n > uq, Da^„ n Jaj,^ = 0. 

proof. Note that Ap^ C M and Ca „ = x {0}. Take x G Ap^ and set 
{xk,yk) = fni^y^)- Then = Pni^)- Recall that an attracting cycle contains 
the critical value b = pn{±^/—a) in the cycle of its immediate basins. Since 
b = bn < 0, the basin U containing b satisfies ?7 fl M C {Rez < 0}. Hence 
Xj < for some < j < n — 1. Then yj^i = y'j + A(2 — Xj) > 8. By Lemma \3M 
Vj+i i K^^^„ hence i K^, for any 
This completes the proof. □ 

In the following lemma, the constant r is fixed. Later we assume r < 7/128. 
Set B{zq, r) = {z E C;\z — zq\ < r}. 

Lemma 3.11. For any fixed r > 0, there exists N > and Ui > Uq such that 
for any n > ui and for any z G Jp„ \ 5(2, r), there exists < j < N with 
lie Zj < 1. 

proof. For '■= P-2-2, the ±l/4-rays land at and the ±3/16-rays land 
at Xoo = \/2 — V2 = 0.7655. . ., a preimage of 0. Thus the set of landing 
points z G Jp^ of external rays with angles in [3/16, 13/16] sits in Re 2; < 1. 
We will show the same property also for pn for large n. 

First we consider maps p on Preper The 0-ray lands at fip. By the sym- 
metry of the filled-in Julia set, the 1/4-ray and the — 1/4-ray are respectively 
the positive and negative imaginary axes. As their preimages, the ±3/16-rays 
and their landing points depend continuously on p G Preper (i-^i. By the upper- 
semicontinuity of the filled-in Julia sets, we conclude that the same property 
holds for Pn for large n. 

Recall that p„ is obtained by a small perturbation of p„ outside the con- 
nectedness locus. Let p be such a perturbation of p G Preper (i-^i. It is easy to 
see that, for the 0-ray also lands at Again by the symmetry, the positive 
and negative imaginary axes respectively form the 1/4- and — 1/4-rays for p 
and meet at the escaping critical point 0. As their preimages, the 3/16- and 



= (p^(^),QtH)- 
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— 3/16-rays in the upper and lower half plane respectively meet at a preimage 
of and depend continuously on p. By the same way as above, we conclude 
that the set of points z G Jp„ with external angles in [3/16,13/16] sits in 
Re 2; < 1 for large n. 

Note that the part of Kp^ on the right side of the ±3/4-' -rays sits in B{2, r) 
for large j . The same holds for p sufficiently close to p^o , since the ±3 / 4-'-rays 
depend continuously on the parameter. 

Now define a map m : R/Z M/Z by m{t) = At. Then m-^((3/16, 13/16)) 
contains (3/64, 13/64) U (51/64,61/64) and the sum of the preimages 
Uj>2{(3/4^ 13/4^) U (-13/4^ -3/4^)} covers M/Z except the angle {0}. The 
part of Kp^ on the right side of the ±3/4-' -rays is included in 5(2, r) for large 
j. This completes the proof. □ 

Note that, the /3- fixed point /3„ := (3p^ forms a single point component of 
Jp^ because the ±3/4-' -rays for j > 2 separate /3„ from any other points in Jp. 

Lemma 3.12. Let N be given in Lemma \3 . 1 1\ There exists n2 > ni and 6 > 

such that 

Q^,({|ImiL;|<(5})nD(O,5/2) = 
for any z G Jp„ \B{2,r) and for any n > n2- 

proof. Take z G Jp^\B{2, r) and set {z^, Wk) = fn{z, w). Let j < A^ — 1 be 
the minimum of k with Re^^ < 1, which is assured by Lemma [3.111 Suppose 
|ReWjfc| > 5/2 for some k < j. Then Wk ^ D(0,5/2), hence by Lemma 13.91 
wn ^ ID)(0, 5/2). Thus we may assume |Re w^l < 5/2 for k < j. We take S and 
712 so that 

64^(5 +i^)<^, 
^ 63 ^ 10 ' 

for any n > n2. 

Set w = u + iv and Wk = Uk + ivk- We show, by induction on k, \vk\ < 
for k < j. Suppose it is true for k = m. Then it follows 

\Vm+l\ = \4:{ul^ - vl^)Um.Vm - 4:1m Zml 
< A{ul^ + v'^)\Urr,Vm\ + 

5 5 631 

By the induction hypothesis, we have 4((-)^ -|- f^)- < -— - < 64. Thus we 
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have |wm+i| < 64|t>m| + 4e„ and it follows 

\v^^r\ < 64-+^K;| +46„^64^- < 64^(5+ ^) < ^. 

i=o 

Thus the case k = m + 1 holds. 

Since Hezj < 1 from the choice of j, we have 

Uj+i = {u^j - v]Y - Auy^ + 4:{2 - Re Zj) 

> A{2 - Re Zj) - Au^ 

25 6 5 

> 4-4 = -. 

4 100 2 

Thus Wj+i ^ ro(0, 5/2), hence wn ^ ©(0, 5/2) by Lemma [3T9| which proves the 
lemma. □ 

Set ^(0, 1/4, r) = {x + yie C; \x\ < 1/4, \y\ < r}. 

Lemma 3.13. Suppose r < 7/128. Then, for any 6' < 1/4, there exists 
> n2 so that for all n > and z G Jp„ ("1-8(2, r), we have g^(S'(0, 1/4, 5')) C 
mt^(0, 1/4,5') ■ 

proof. Fix 5' < 1/4. Take so that e„ < (J'/S for n > n^. Take G 
5(0, 1/4, 6') and ^ G Jp„ n 5(2, r). Then 

< 4|m^ - + 4e„ 

< + 5'')-5' + Ae^ < 6' . 
lo 4 

|ni| < (n2-t;2)2 + 4uV + 4(2-Rez) 

1 1 1 

< \ h4r<-. 

- 82 ^ 43 ^ 4 

This completes the proof. □ 

Let 5 and n2 be given in Lemma 13.121 and let n-^ be given in Lemma 13.131 

Lemma 3.14. For n > n^, we have 

(a) 5(0, 1/4, 5) n if, = for any z E JpA {/^n}, 

(b) 5(0,l/4,5)n J^„ = 0, 

(c) J,„x 5(0, 1/4,5) c(J,„xC)\ J2. 
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proof, (a) Any z G Jp,^ \ leaves 5(2, r) under finite iterations of p„ 
because /3„ is a repelling fixed point of p„. Set m = min{k; := ^ 
5(2, r)}. By Lemma [3.13[ it follows 

g™,(5(0,l/4,5)) Cmt 5(0,1/4, 5) C {|Imw| < 5}. 

Then applying Lemma [3.121 to z = we have 

g-+^(5(o,i/4,5))ni^,„^, = 0. 

By the invariance of we have 5'(0, 1/4, 5) fl = 0. 

(b) Since Pn{.Pn) = /^n. Lemma [3 .131 implies g/3„(S'(0, 1/4, 5)) C mt 5'(0, 1/4, 5). 
Then 5(0, 1/4, 5) C intKp^ and we conclude 5(0, 1/4, 5) n = 0. 

(c) It follows from (a), (6). □ 

Lemma 3.15. For n > n-^, Dj^^ fl J2 = 0. 

proof. Set (zfc, w^fc) = fn{z, 0) for z G Jp„. If z = Lemma [3. 131 says that 
Wk e 5(0, 1/4, (5) for any k > and by Lemma 13. 141 (b). {{zk, Wk)} is uniformly 
bounded away from J2. 

For z G Jp„ \ {f3n}, set m as above. If m > 0, Lemma 13.131 says Wk G 
mt 5(0, 1/4, 5) for k < m and {{zkjWk)] k < m} is uniformly bounded away 
from J2. Applying Lemma [3.121 to z = Zm, {{zk, Wk)] k > m + N} is uniformly 
bounded away from J2. The fact that {{zk,Wk);m < k < m + N} is uniformly 
bounded away from J2 follows from the compactness of Jp^ and the uniformity 
of A^. If m = 0, i.e., z ^ 5(2, r), applying Lemma [3.121 to z, we get the same 
conclusion. Thus we have shown that D j fl J2 = 0- D 

Let 5 and n2 be given in Lemma 13.121 and let be given in Lemma 13.131 
We may assume 5 < 1 /4 and n^>n2. 

Theorem 3.5. Set fn{z,w) = {pn{z),q{z,w)) as above. For n > n-s, fn is 
Axiom A and satisfies 

(a) Ci = {(/?„, 0)}, Co = Cj^„\Ci. 

(b) A = Ai = {(/3n;ttn)} ^-5 itself a basic set, where an is the attracting fixed 
point ofqp^. 

(c) Jz is disconnected for all z G Jp„ \ {/3n} o^nd is a quasicircle for z = (3n- 
id) Ap,iCjJ = AUCjJy^AiCjJ. 

proof. By Theorem 12.11 and Lemmas 13.101 and 13.151 /„ for n > are 
Axiom A. 

(a) Lemma[3lll (a) says that K f] {Cj^^ \ {(/3„, 0)}) = 0. By Lemma [3131 it 
follows that (/3n,0) G K. These imply (a). 
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(6) By Lemma [3.131 qp^ has an attracting fixed point. From (a), there is no 
saddle periodic point for z ^ fin- 

(c) The case z G Jp„ \ {/3n} follows from (a) and Proposition 2.3 in [J3]. If 
z = I3n, Qziw) = w'^ + 4(2 — I3n) has an attracting fixed point a„. Thus is 
a quasicircle as a quasiconformal image of the Julia set of t— )■ w"^. 
{d) Since Cj^^ = Jp„ x {0}, any C G C(Cjp^) is of the form J x {0}, where J 
is a connected component of Jp^. Recall that the component of Jp^ containing 
/3n is just a single point {/3n} itself. Thus (a) implies C C Co or C C Ci. Now 
by Theorem O, we conclude Acc{Cj^J = Apt{Cj^J. 

Since Cq is not closed in Cj , it follows from Theorem II. 2 [ that A{Cj ) ^ 
Ap,iCjJ, Thus we conclude Ap.iCjJ = A^CjJ ^ A{CjJ. □ 
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